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Abstract
In this paper, we study the Cauchy problem of the 2D incompressible magnetohydro-
dynamic equations in Lei-Lin space. The global well-posedness of a strong solution in the
Lei-Lin space χ−1(R2) with any initial data in χ−1(R2) ∩ L2(R2) is established. Further-
more, the uniqueness of the strong solution in χ−1(R2) and the Leray-Hopf weak solution in
L2(R2) is proved.
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1 Introduction
In this paper, we consider the following incompressible magnetohydrodynamic equations
∂tu− µ∆u+ (u · ∇)u+∇p = (b · ∇)b,
∂tb− ν∆u+ (u · ∇)b = (b · ∇)u,
∇ · u = ∇ · b = 0,
u(0, x) = u0(x), b(0, x) = b0(x).
(1.1)
for t ≥ 0, x ∈ R2. We denote u = u(t, x), b = b(t, x) and p = p(t, x) the velocity field, magnetic
field and scalar pressure of the fluid, respectively. The positive constants µ and ν are the viscosity
and the resistivity coefficients, and u0(x) and b0(x) are the initial velocity and initial magnetic
field satisfying divu0 = divb0 = 0, respectively.
When b = 0, it reduces to the classical Navier-Stokes equation, which has been investigated
extensively with many interesting results. Leray [8] and Hopf [7] established the global existence
of weak solutions. Kato [6], Fujita and Kato [5] obtained the local well-posedness for any initial
data and the global well-posedness for small initial data in Ln(Rn) and H˙s(Rn) with s ≥ n2 − 1,
respectively. Recently, Lei and Lin [9] constructed the global mild solution with small initial data
in the critical space χ−1(R3), and Zhang and Yin [15] studied the local well-posedness with large
initial data and the global well-posedness with small initial data by the semi-group method.
∗Corresponding Author: B. Yuan
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Theorem A ([9] and [15]) Let u0 be in χ
−1(R3). There exists a positive time T such that the
Navier-Stokes equation has a unique solution u in L2([0, T ];χ0(R3)) which also belongs to
C([0, T ];χ−1(R3)) ∩ L1([0, T ];χ1(R3)) ∩ L∞([0, T ];χ−1(R3)).
Let Tu0 denote the maximal time of existence of such a solution. Then:
-There exists a constant C such that, if ‖u0‖χ−1 ≤ Cµ, then
Tu0 =∞.
-If Tu0 is finite, then ∫ Tu0
0
‖u‖2χ0dt =∞.
There are several important global well-posedness and decay results for the 3D Navier-Stokes
equation and MHD equations (1.1) in Lei-Lin space χ−1(R3) (see, e.g., [1, 2, 3, 10, 11, 12, 13]). In
particular, Ye and Zhao [14] proved the global well-posedness for the n dimensional generalized
MHD equations with small initial data. As we know that, in 2D case, the global Leray-Hopf
weak solution to the MHD equations (1.1) is a unique one in L2(R2) space. We wonder if there
is a global strong solution to the 2D MHD equations (1.1) in the Lei-Lin space χ−1(R2) without
the smallness condition, and if it is a unique solution with the Leray-Hopf weak solution with a
same initial data in the space L2(R2) ∩ χ−1(R2).
In this paper, we will prove the global well-posedness of a strong solution to (1.1) in χ−1(R2)∩
L2(R2) for large initial data. Our main results are presented as follows.
Theorem 1.1. Let (u0, b0) be in χ
−1(R2) ∩ L2(R2). A unique solution (u, b) then exists in the
space L2(R+;χ0(R2)) which also belongs to
C(R+;χ−1(R2)) ∩ L1(R+;χ1(R2)) ∩ L∞(R+;L2(R2)) ∩ L2(R+; H˙1(R2)),
and satisfies the energy equality
‖(u, b)‖2L2 + 2µ
∫ t
0
‖∇u‖2L2dτ + 2ν
∫ t
0
‖∇b‖2L2dτ = ‖(u0, b0)‖
2
L2 . (1.2)
(u, b) also satisfies the global a priori estimate
‖(u, b)‖
L˜∞(χ−1) +
1
2
min{µ, ν}
∫ t
0
‖(u, b)‖χ1dτ ≤ ‖(u0, b0)‖χ−1 +
C
2min{µν}
‖(u0, b0)‖
4
L2. (1.3)
The weak-strong uniqueness theorem is in order.
Theorem 1.2. Let (u0, b0) and (v0, h0) be the divergence-free vector field in L
2(R2) and (u0, b0)
also be in χ−1(R2). Let (v, h) ∈ L∞(R+;L2(R2))∩L2(R+; H˙1(R2)) be a Leray-Hopf weak solution
associated with (v0, h0), and let (u, b) be a strong solution constructed in Theorem 1.1 associated
with (u0, b0) and
(u, b) ∈ L2(R+;χ0(R2)) ∩ L∞(R+;L2(R2)) ∩ L2(R+; H˙1(R2)).
Write (w, g) , (u − v, b− h), then we have for 0 ≤ t <∞
‖(w, g)‖2L2 +
1
2
min{µ, ν}
(∫ t
0
‖∇w‖2L2dτ +
∫ t
0
‖∇g‖2L2dτ
)
≤‖(u0, b0)− (v0, h0)‖L2 × exp
(
C
∫ t
0
‖(u, b)‖2χ0dτ
)
. (1.4)
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Remark 1.1. If two solutions (u, b) and (v, h) constructed in Theorem 1.1 have a same ini-
tial data (u0, b0) = (v0, h0) ∈ L
2(R2) ∩ χ−1(R2), then the estimate inequality (1.4) implies the
uniqueness of solutions (u, b) ≡ (v, h).
Remark 1.2. The definitions and notations used in this paper are presented as follows:
(1) For s ∈ R, the functional space χs(Rn) is defined by
χs :=
{
f ∈ D′(Rn)
∣∣∣∣ ∫
Rn
|ξ|s|fˆ(ξ)|dξ <∞
}
.
(2) Let s ∈ R and p ∈ [1,∞]. f(t, x) ∈ Lp([0, T ];χs(Rn)) if and only if
‖f‖Lp(χs) ,
( ∫ T
0
‖f(t, ·)‖pχsdt
) 1
p
<∞;
f(t, x) ∈ L˜p([0, T ];χs(Rn)) if and only if
‖f‖L˜p(χs) ,
∥∥∥( ∫ T
0
(
|ξ|s|fˆ(t, ξ)|
)p
dt
) 1
p
∥∥∥
L1
<∞.
(3) we will use ‖ · ‖X to denote ‖ · ‖X(Rn), ‖ · ‖L˜q(χs) to denote ‖ · ‖L˜q([0,T ];χs(Rn)) and ‖(u, b)‖
p
X to
denote ‖u‖pX + ‖b‖
p
X for conciseness. And throughout the paper, C stands for a generic positive
constant, which may be different from line to line.
Remark 1.3. The space L2(R2) ∩ χ−1(R2) is not empty. Indeed, let f = F−1
(
1
|ξ|21{|ξ|>2}
)
,
then we have
‖f‖χ−1 = 2pi
∫ +∞
2
1
r2
dr <∞
and
‖f‖L2 = 2pi
∫ +∞
2
1
r3
dr <∞.
Therefore, f ∈ L2(R2) ∩ χ−1(R2).
2 Preliminaries
In this Preliminary section, we present some elementary lemmas which will be used in our proofs.
Lemma 2.1. Let s1 < s0 < s2. If f ∈ χ
s1(Rn) ∩ χs2(Rn), then f ∈ χs0(Rn), and
‖f‖χs0 ≤ ‖f‖
s2−s0
s2−s1
χs1 ‖f‖
s0−s1
s2−s1
χs2 .
Proof.
‖f‖χs0 =
∫
Rn
|ξ|s0 |fˆ(ξ)|dξ
=
∫
|ξ|≤λ
|ξ|s0−s1 |ξ|s1 |fˆ(ξ)|dξ +
∫
|ξ|>λ
|ξ|s0−s2 |ξ|s2 |fˆ(ξ)|dξ
≤λs0−s1‖f‖χs1 + λ
s0−s2‖f‖χs2 . (2.1)
Let λ =
(
‖f‖χs2
‖f‖χs1
) 1
s2−s1
, then the Lemma 2.1 follows from (2.1).
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Lemma 2.2. Let f ∈ L2(R2) ∩ H˙1(R2), then f ∈ χ−
1
2 (R2), and ‖f‖
χ
−
1
2
≤ C‖f‖
1
2
L2
‖f‖
1
2
H˙1
.
Proof. We write
‖f‖
χ
−
1
2
=
∫
R2
|ξ|−
1
2 |fˆ(ξ)|dξ := I1(λ) + I2(λ), (2.2)
where
I1(λ) =
∫
|ξ|≤λ
|ξ|−
1
2 |fˆ(ξ)|dξ ≤ Cλ
1
2 ‖f‖L2
and
I2(λ) =
∫
|ξ|>λ
|ξ|−
1
2
−1|ξ||fˆ(ξ)|dξ ≤ Cλ−
1
2 ‖f‖H˙1
by the Ho¨lder’s inequality. Choosing λ =
‖f‖H˙1
‖f‖
L2
completes the proof of Lemma 2.2.
Lemma 2.3. Let f, g ∈ L2([0, T ];χ0(Rn)), then fg ∈ L1([0, T ];χ0(Rn)) and
‖fg‖L1(χ0) ≤ ‖f‖L2(χ0)‖g‖L2(χ0).
In particular, ‖f2‖L1(χ0) ≤ ‖f‖
2
L2(χ0).
Proof.
‖fg‖L1(χ0) =
∫ T
0
∫
Rn
|fˆ(τ, ξ)| ∗ξ |gˆ(τ, ξ)|dξdτ
≤
∫ T
0
‖f‖χ0‖g‖χ0dτ
≤‖f‖L2(χ0)‖g‖L2(χ0). (2.3)
Lemma 2.4. There exists a constant C such that
‖B(u, b)‖L2(χ0) ≤
C
min{µ, ν}
1
2
‖(u, b)‖2L2(χ0),
where B(u, b) ,
∫ t
0
[eµ(t−τ)△P∇ · (u⊗ u+ b ⊗ b) + eν(t−τ)△∇ · (u⊗ b+ b⊗ u)]dτ .
Proof.
‖B(u, b)‖L2(χ0)
≤
∥∥∥∥∥
∫
R2
∫ T
0
e−min{µ,ν}(t−τ)|ξ|
2
|ξ|
(
|uˆ| ∗ |uˆ|+ |bˆ| ∗ |bˆ|+ |uˆ| ∗ |bˆ|+ |bˆ| ∗ |uˆ|
)
dτdξ
∥∥∥∥∥
L2
≤
∫
R2
(∫ T
0
e−2min{µ,ν}τ |ξ|
2
|ξ|2dτ
) 1
2 ∫ T
0
(
|uˆ| ∗ |uˆ|+ |bˆ| ∗ |bˆ|+ |uˆ| ∗ |bˆ|+ |bˆ| ∗ |uˆ|
)
dτdξ
≤
C
min{µ, ν}
1
2
∫ T
0
(
‖u‖2χ0 + ‖b‖
2
χ0 + 2‖u‖χ0‖b‖χ0
)
dτ
≤
C
min{µ, ν}
1
2
‖(u, b)‖2L2(χ0). (2.4)
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We also need the following Banach contraction mapping principle (see [4, Lemma 5.5]).
Lemma 2.5. Let E be a Banach space, B a continuous bilinear map from E ×E to E, and α a
positive real number such that
α <
1
4‖B‖
with ‖B‖ = sup
‖f‖,‖g‖≤1
‖B(f, g)‖.
For any a in the ball B(0, α) (i.e., with center 0 and radius α) in E, a unique x then exists in
B(0, 2α) such that
x = a+ B(x, x).
Finally, we show some estimates of the heat equations in the space C([0, T ];χs(Rn)) ∩
L1((0, T ];χs+2(Rn)).
Lemma 2.6. For s ∈ R, let v be a solution of the Cauchy problem{
∂tv − κ∆v = f,
v(x, 0) = v0(x),
(2.5)
with f ∈ L1([0, T ];χs(Rn)) and v0 ∈ χ
s(Rn). Then v belongs to
L˜∞([0, T ];χs(Rn)) ∩ L1((0, T ];χs+2(Rn)) ∩ C([0, T ];χs(Rn)),
and satisfies the following estimate
‖v‖
L˜∞(χs) + κ‖v‖L1(χs+2) ≤ C
(
‖v0‖χs + ‖f‖L1(χs)
)
. (2.6)
Proof. By the Duhamel’s formula in Fourier space, the equations (2.5) can be written as
|vˆ(t, ξ)| ≤ e−κt|ξ|
2
|vˆ0(ξ)|+
∫ t
0
e−κ(t−τ)|ξ|
2
|fˆ(τ, ξ)|dτ. (2.7)
Multiplying (2.7) by |ξ|s and taking the L∞ norm in time, one has
sup
0≤t≤T
|ξ|s|vˆ(t, ξ)| ≤ |ξ|s|vˆ0(ξ)|+
∫ t
0
|ξ|s|fˆ(τ, ξ)|dτ. (2.8)
Taking the L1 norm in ξ to (2.8), we get
‖v‖
L˜∞(χs) ≤
∫
Rn
|ξ|s|vˆ0(ξ)|dξ +
∫
Rn
∫ t
0
|ξ|s|fˆ(τ, ξ)|dτdξ
≤‖v0‖χs + ‖f‖L1(χs). (2.9)
Because, for almost all fixed ξ ∈ Rn, the map t 7→ vˆ(t, ξ) is continuous over [0, T ], thus by
the Lebesgue dominated convergence theorem, it implies that v ∈ C([0, T ];χs(Rn)). Next we
estimate ‖v‖L1(χs+2). Multiplying (2.7) by |ξ|
s+2 and taking the L1-norm in time, applying the
Young’s inequality in time and noting
∫ T
0 |ξ|
2e−κt|ξ|
2
dt = 1
κ
, we deduce that∫ T
0
|ξ|s+2|vˆ(t, ξ)|dt ≤
∫ T
0
e−κt|ξ|
2
|ξ|s+2|vˆ0(ξ)|dt+
∫ T
0
∫ t
0
e−κ(t−τ)|ξ|
2
|ξ|s+2|fˆ(τ, ξ)|dτdt
≤
1
κ
(
|ξ|s|vˆ0(ξ)|+
∫ T
0
|ξ|s|fˆ(t, ξ)|dt
)
, (2.10)
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then taking L1 norm in ξ to (2.10), we obtain
‖v‖L1(χs+2) ≤
1
κ
(∫
Rn
|ξ|s|vˆ0(ξ)|dξ +
∫
Rn
∫ T
0
|ξ|s|fˆ(t, ξ)|dtdξ
)
≤
1
κ
(
‖v0‖χs + ‖f‖L1(χs)
)
. (2.11)
Combining (2.9) and (2.11), we get (2.6).
3 Proof of Theorems 1.1 and 1.2
In this section, we focus on the global well-posedness of a mild solution to (1.1) in L2(R+;χ0(R2)).
First, we give the following lemma on the well-posedness and blow-up criterion, which plays a
key role in proving our theorem.
Lemma 3.1. Assume (u0, b0) be in χ
−1(R2). Then there exists a positive time T such that
the equations (1.1) have a unique local solution (u, b) in the space L2([0, T ];χ0(R2)), which also
belongs to
L˜∞([0, T ];χ−1(R2)) ∩ L1([0, T ];χ1(R2)) ∩ C([0, T ];χ−1(R2)).
Moreover, there exists a constant C(µ, ν) such that if ‖(u0, b0)‖χ−1 ≤ C(µ, ν), then the solution
is a global one; if T ∗ <∞ is the maximal time of existence, then
lim
T→T∗
∫ T
0
‖(u, b)‖2χ0dt =∞. (3.1)
Proof. It is easy to see that the equations (1.1) can be rewritten as the integral form
u(t, x) = eµt∆u0 −
∫ t
0
eµ(t−τ)∆[P∇ · (u⊗ u)− P∇ · (b ⊗ b)]dτ,
b(t, x) = eνt∆b0 −
∫ t
0
eν(t−τ)∆[∇ · (u⊗ b)−∇ · (b⊗ u)]dτ.
(3.2)
By applying the Banach contraction mapping principle Lemma 2.5, we will carry out the proof of
global or local well-posedness of the Cauchy problem (3.2) in the Lei-Lin space χ−1(R2). First,
one has
‖(eµt△u0, e
νt△b0)‖
2
L2(χ0)
=
∥∥∥∥ ∫
R2
e−µt|ξ|
2
|uˆ0(ξ)|dξ
∥∥∥∥2
L2
+
∥∥∥∥ ∫
R2
e−νt|ξ|
2
|bˆ0(ξ)|dξ
∥∥∥∥2
L2
≤
(∫
R2
(∫ t
0
e−2ντ |ξ|
2
|uˆ0(ξ)|
2dτ
) 1
2
dξ
)2
+
(∫
R2
(∫ t
0
e−2ντ |ξ|
2
|bˆ0(ξ)|
2dτ
) 1
2
dξ
)2
≤
1
2min{µ, ν}
‖(u0, b0)‖
2
χ−1 . (3.3)
Thus, Combining the estimate (3.3) with Lemma 2.4, we can obtain that if ‖(u0, b0)‖χ−1 ≤
min{µ,ν}
2
3
2C0
, then
‖(eµt△u0, e
νt△b0)‖L2(χ0) ≤
min{µ, ν}
1
2
4C0
<
min{µ, ν}
1
2
4C
(3.4)
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with C0 > C, and we obtain the global solution.
Now, we consider the case of a large initial data (u0, b0) in χ
−1(R2). Setting
(u0, b0) = (u
ℓ
0, b
ℓ
0) + (u
~
0 , b
~
0),
where
(uℓ0, b
ℓ
0) , F
−1
(
1{|ξ|≤ρu0,b0}(uˆ0, bˆ0)
)
and (u~0 , b
~
0) , F
−1
(
1{|ξ|>ρu0,b0}(uˆ0, bˆ0)
)
.
One fixes some positive real number ρu0,b0 such that
‖(u~0 , b
~
0)‖χ−1 =
∫
|ξ|>ρu0,b0
|ξ|−1
(
|uˆ0|+ |bˆ0|
)
dξ ≤
min{µ, ν}
2
5
2C0
. (3.5)
By (3.3) we derived that
‖(eµt△u0, e
νt△b0)‖L2(χ0) ≤
min{µ, ν}
1
2
8C0
+ ‖(eµt△uℓ0, e
νt△bℓ0)‖L2(χ0), (3.6)
and
‖(eµt△uℓ0, e
νt△bℓ0)‖L2(χ0)
=
∥∥∫
|ξ|≤ρu0,b0
|ξ||ξ|−1
(
e−µt|ξ|
2
|uˆ0(ξ)|+ e
−νt|ξ|2 bˆ0(ξ)|
)
dξ
∥∥
L2
≤ρu0,b0T
1
2 ‖(u0, b0)‖χ−1 . (3.7)
Hence, if we choose
T ≤
(
min{µ, ν}
1
2
8ρu0,b0C0‖(u0, b0)‖χ−1
)2
, (3.8)
then we have a unique solution (u, b) in the ball B(0, min{µ,ν}
1
2
2C0
) of the space L2([0, T ];χ0(R2)).
Next, we prove the persistence that if (u, b) is a solution to (1.1) in L2([0, T ];χ0(R2)) with
initial data (u0, b0) ∈ χ
−1(R2), then (u, b) also belongs to
C([0, T ];χ−1(R2)) ∩ L1([0, T ];χ1(R2)).
In fact, let s = −1 and n = 2 in Lemma 2.6 and by Lemma 2.3 the result is followed.
Finally, we prove the blow-up criterion (3.1). Assume that we have a solution to the equations
(1.1) on a time interval [0, T ) such that∫ T
0
‖(u, b)‖2χ0dt <∞.
We claim that the lifespan T ∗ of (u, b) is larger than T . Indeed, due to the estimate (2.9) in
Lemma 2.6 and by Lemma 2.3, we have∫
Rn
sup
0≤t≤T
|ξ|−1(|uˆ|+ |bˆ|)(t, ξ)dξ ≤ ‖(u0, b0)‖χ−1 + C‖(u, b)‖
2
L2(χ0) <∞. (3.9)
Thus, a positive number ρ exists such that
∀t ∈ [0, T ),
∫
|ξ|>ρ
|ξ|−1(|uˆ|+ |bˆ|)(t, ξ)dξ ≤
min{µ, ν}
2
5
2C0
. (3.10)
The condition (3.8) now implies that for any t ∈ [0, T ), the lifespan for a solution to (1.1) with
initial data (u(t), b(t)) is bounded from below by a positive real number C which is independent
of t. Thus the lifespan T ∗ > T , and the whole proof of Lemma 3.1 is finished.
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3.1 Proof of Theorem 1.1
Taking the L2 inner products of the equations (1.1)1,2 with u and b, respectively, adding the
results and integrating by parts, we obtain, for any t ∈ (0,+∞), the energy equality
‖(u, b)‖2L2 + 2µ
∫ t
0
‖∇u‖2L2dτ + 2ν
∫ t
0
‖∇b‖2L2dτ = ‖(u0, b0)‖
2
L2 , (3.11)
for details refer to [4, Theorem 5.14]. And by Lemma 2.2, it yields that, for any t ∈ (0,+∞)∫ t
0
‖(u, b)‖4
χ
−
1
2
dτ ≤‖(u, b)‖2L2
∫ t
0
‖(u, b)‖2
H˙1
dτ
≤
1
2min{µν}
‖(u0, b0)‖
4
L2 . (3.12)
According to Lemmas 2.6, 2.3 and 2.1, by the Young’s inequality, we deduce that
‖(u, b)‖
L˜∞(χ−1) + µ
∫ t
0
‖u‖χ1dτ + ν
∫ t
0
‖b‖χ1dτ
≤‖(u0, b0)‖χ−1 + C
∫ t
0
‖(u, b)‖2χ0dτ
≤‖(u0, b0)‖χ−1 + C
∫ t
0
‖(u, b)‖
4
3
χ
−
1
2
‖(u, b)‖
2
3
χ1
dτ
≤‖(u0, b0)‖χ−1 + C
∫ t
0
‖(u, b)‖4
χ
−
1
2
dτ +
1
2
min{µ, ν}
∫ t
0
‖(u, b)‖χ1dτ. (3.13)
Inserting the estimate (3.12) into (3.13) leads to the result
‖(u, b)‖
L˜∞(χ−1) +
1
2
min{µ, ν}
∫ t
0
‖(u, b)‖χ1dτ ≤ ‖(u0, b0)‖χ−1 +
C
2min{µν}
‖(u0, b0)‖
4
L2 . (3.14)
By Lemma 2.1, we arrive at∫ t
0
‖(u, b)‖2χ0dτ ≤
∫ t
0
‖(u, b)‖χ−1‖(u, b)‖χ1dτ ≤ C
(
µ, ν, ‖(u0, b0)‖χ−1 , ‖(u0, b0)‖L2
)
, (3.15)
for any 0 ≤ t ≤ T . Thus, the blow-up criterion (3.1) implies that the strong solution (u, b)
is a global one in L2([0, T ];χ0(R2)) for any T < ∞. And by Lemma 2.6 the solution (u, b) ∈
C(R+;χ−1(R2)) ∩ L1(R+;χ1(R2)), which completes the proof of Theorem 1.1.
3.2 Proof of Theorem 1.2
Subtracting the two equations satisfied by (u, b) and (v, h), respectively, we get{
∂tw − µ∆w + (w · ∇)u+ (v · ∇)w +∇(p1 − p2) = (g · ∇)b + (h · ∇)g,
∂tg − ν∆g + (w · ∇)b+ (v · ∇)g = (g · ∇)u+ (h · ∇)w,
(3.16)
where (w, g) , (u − v, b − h). Taking the L2 inner products of the equations (3.16)1,2 with w
and g, respectively, adding the results and by Ho¨lder’s and Young’s inequalities and the fact
‖f‖L∞ ≤ ‖fˆ‖L1 = ‖f‖χ0 , and∫
R2
(v · ∇)w · wdx = 0,
∫
R2
(v · ∇)g · gdx = 0
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and ∫
R2
(h · ∇)g · wdx+
∫
R2
(h · ∇)w · gdx = 0,
it follows that
1
2
d
dt
‖(w, g)‖2L2 + µ‖∇w‖
2
L2 + ν‖∇g‖
2
L2
=−
∫
R2
(w · ∇)u · wdx+
∫
R2
(g · ∇)b · wdx−
∫
R2
(w · ∇)b · gdx+
∫
R2
(g · ∇)u · gdx
≤C (‖∇w‖L2‖w‖L2‖u‖L∞ + ‖∇w‖L2‖g‖L2‖b‖L∞ + ‖∇g‖L2‖w‖L2‖b‖L∞ + ‖∇g‖L2‖g‖L2‖u‖L∞)
≤
1
2
min{µ, ν}‖(∇w,∇g)‖2L2 + C‖(w, g)‖
2
L2‖(u, b)‖
2
χ0. (3.17)
Thanks to the Gro¨nwall’s inequality, we conclude the proof of (1.4). And we thus complete the
proof of Theorem 1.2.
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